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Time Dependence of Pressure 
In a Bubbler Tube 

An experimental and theoretical study is presented of the time dependence of 
air pressure in a bubbler tube used to measure the liquid level in a tank. The ob- 
served time dependence of the air pressure is a superposition of two components. 
The first component is a repeated slow rise and sudden fall in the air pressure that 
is associated with bubble growth and breakoff. It is the sudden breakoff that 
generates the second component consisting of damped oscillations associated with 
sound waves in the air interacting with an oscillating flow of the liquid. The air 
pressure during bubble growth is described theoretically. This result is combined 
with the gas law to predict the functional form of the slow pressure rise; this pre- 
diction agrees with experiment. An equation for the oscillation frequencies is de- 
rived, solved, and compared with experiment; agreement is within the measure- 
ment accuracy of 5%. 

A. K. GAIGALAS 
and 

BALDWIN ROBERTSON 
Fluid Engineering Division 

National Bureau of Standards 
Washington, DC 20234 

SCOPE 

A widespread method for measuring the level of liquid con- 
tained in a tank uses a tube inserted down into the liquid and 
through which air (or nitrogen) is forced under pressure. The 

method is used in industry where a pressure transducer cannot 
be put inside the tank, Since the pressure necessary to force the 
air out of the lower end of the tube depends on the height of the 
liauid above the end of the tube, a measurement of the air 
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prkssure can be used to infer the height of the liquid. This can 
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sectional area of the tank is known as a function of height. 
Calibration of a tank and the subsequent measurement of vol- 
ume entail many uncertainties which have been described by 
Jones (1979) and Davies, et al. (1978). One of the problems en- 
countered is the accurate determination of pressure. The nature 
of this problem will form the focus of the present paper. 

Pressure measuring instruments are available with a resolu- 
tion of 1 Pa out of 105 Pa full scale (105 Pa N 1 atm). Since 1 Pa 
corresponds to a height of water equal to about 0.1 mm, great 
accuracy in liquid height measurements can be attained if the 
pressure measurement can be made with an accuracy of 1 Pa. 

As the air is forced through the tube it escapes from the sub- 
merged end by forming bubbles. Whenever a bubble detaches 
itself from the end of the tube, the pressure in the tube varies 
dramatically with time. The instantaneous variation in pressure 
covers a range of approximately 80 Pa, which is very large 
compared with the desired measurement accuracy of 1 Pa. 
Consequently, it is important to understand the response of the 
air pressure to bubble formation and breakoff, for then it will 
be possible to optimize the accuracy of the pressure measure- 
ment by influencing the bubble formation process, as well as 
determining the best way of sampling the pressure signal. 

CONCLUSIONS AND SIGNIFICANCE 

The pressure variation in a bubbler tube was found to be a 
superposition of two distinct components, each traceable to a 
different physical mechanism. The first component, a slow 
pressure change between consecutive bubble breakoffs, was 
related to the development of the shape of the bubble and the 
air influx into the bubbler tube. By changing the geometry of 
the end of the bubbler tube, the bubble development was 
changed and consequently, the slow pressure variation was 
modified. The slow variation was largest for a bubbler tube with 
a slanted end which constrained the bubble growth to a direc- 
tion parallel with the tube axis. The variation was least for a 
flanged end; here the bubble was free to grow horizontally. 

Immediately following the bubble breakoff the pressure ex- 
hibits a fast damped oxcillation. This second component of the 
pressure variation was correlated through visual observation 
to the updown motion of the air-liquid interface inside the 
bubbler tube. The frequency of the oscillation depends on the 
length of the bubbler tube, being 7 Hz for a 3.66 m tube and 
increasing as the tube is shortened. For longer tubes several 
oscillatory modes were superimposed to give a more compli- 
cated time dependence. It should be emphasized that the os- 
cillations are damped and are confined to a small time interval 
following the bubble breakoff so that if the air influx into the 
tube is small, then the major portion of the time between bubble 
breakoffs is devoted to the slow pressure variation which is due 
to the bubble growth. If the air flow rate is large then the ob- 
served pressure variation becomes very complicated. We have 
observed that for large flow rate there is a substantial interaction 
between consecutive bubbles, that is, the oscillations due to the 

breakoff of one bubble affect the growth of the subsequent 
bubble. This interaction leads to complex but repeatable pat- 
terns in the pressure signal. In order to avoid this interaction, 
we set the bubble breakoff frequency in this study to a value 
much lower than the lowest resonant frequency. 

The analysis of the bubble growth indicates that changes in 
the surface tension of the liquid influence the pressure in the 
tube in two ways. First, there is a change in the contribution 
from the “stretching” at the lowest point of the bubble, and 
second, the bubble grows differently in the horizontal direction 
and consequently changes its vertical dimension when the 
surface tension is changed. For water, a change of surface ten- 
sion from 0.072 to 0.066 N/m lowers the maximum pressure in 
a 0.5 cm radius tube by 4 Pa. In practice, the sensitivity to sur- 
face tension change is reduced by using a tube with a larger 
diameter. The analysis of the pressure variation suggests that 
one way to make precise liquid level measurements is to use a 
flatended tube and sample the pressure after the damped os- 
cillations have died down. Another way is to average the pres- 
sure over about 10 to 30 seconds in order to eliminate any de- 
pendence on the fast oscillations, whose average value is zero. 
Of course the slow variation will be averaged as well, and the 
value of this averaging depends on the time dependence of the 
pressure signal, which, as this study indicates, is not a sensitive 
function of the magnitude of the pressure. Either procedure 
leads to pressure readings repeatable to 1 Pa out of a mean 
pressure of lo5 Pa even though the pressure variation is as large 
as 80 Pa. 

INTRODUCTION 

The bubble formation and breakoff process was studied exper- 
imentally. Data were accumulated for several tube diameters, tube 
lengths, and liquid levels. The general features of the process 
(observed in a 0.95 cm diameter tube with a flat end) are as follows. 
After the bubble has reached a certain size it suddenly breaks off 
from the tube in a time equal to N 0.02 s. With the bubble gone, 
the liquid moves back into the tube to a distance = 1 mm in a time 
N 0.02 s. The initial upward surge of the liquid is followed by 
damped oscillation of the liquid-air interface lasting for approxi- 
mately 0.5 s. Meanwhile the average pressure in the tube increases 
slowly until a new bubble emerges. The accumulated data suggest 
that the damped oscillations and the slow pressure buildup are the 
two most important features which characterize the response of 
the tube to bubble detachment. 

EXPERIMENTAL PROCEDURES 

The experimental equipment, shown schematically in Figure 1, consisted 
of a 41-cm diameter iron tank, 365 cm high, a stainless steel bubbler tube 

immersed in the tank, a pressure transducer connected at the top of the 
bubbler tube, and electronic modules for pressure signal detection and 
recording. Data was taken for two bubbler tube diameters (0.95 cm and 
1.91 cm) and several lengths. The length of the tube was varied by inserting 
pieces of hard plastic tubing between the 365 cm long stainless steel tube 
and the pressure transducer. When the length was changed, care was taken 
not to change the way the tube was connected to the transducer. Some of 
the data was taken using short glass tubes with the open lower end immersed 
in a 30-cm by 60-cm glass aquarium. Three lengths (17,60, and 70 cm) of 
glass tubing were used to study and photograph bubble formation. The 
pressure was measured with a capacitive transducer (Datametrics 581 
Barocell) and the accompanying electronic module. (Certain commercial 
equipment. instruments, or materials are identified in this paper in order 
to adequately specify the experimental procedure. In no case does such 
identification imply recommendation or endorsement by the National 
Bureau of Standards, nor does it imply that the material or equipment 
identified is necessarily the best available for the purpose.) The first me- 
chanical resonance of the transducer is at 8 kHz, and the response of the 
system is quoted by the manufacturer at 0.5 ms. The compressed air was 
metered with a variable area flowmeter (Labcrest 448118) with a sapphire 
ball. The air flow rate was kept between 10 and 40 cm3/min. 

The flowmeter, pressure transducer, and bubbler tube were connected 
to a metal tee, with the tube to the pressure transducer aligned vertically 
above the bubbler tube and with the air supply through the flowmeter 
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Figure 1. A schematic dlagram of the experimental equipment shown for 
bubbler tube lengths up to 3.66 m. The setup for longer lengths was identical 
except a coil of hard plastic tubing was inserted between the straight metal 
tube and the tee connection to the pressure transducer and flow meter. 

entering the horizontal branch of the tee. The pressure signal from the 
electronic module was fed into a differential amplifier (Tektronix AM502) 
which amplified the signal relative to a constant voltage supplied by a 
precision voltage source (Analogic AN3100). Finally, the amplified signal 
was fed into a digital signal processor (Spectral Dynamics SD360). 

All of the tube lengths were determined with a meter stick None of the 
observed effects were strong functions of the tube length, so that greater 
accuracy was not necessary. The total tube length, including fittings, is 
known to within 2.5 cm. The length of the plastic tubing is known to within 
1.5 cm. All of the pressure traces recorded are averages over many bubbles, 
usually 32. The frequency measurements were done by taking a Fourier 
transform of the pressure signal. The accuracy of the quoted frequencies 
is about 5%. 

EXPERIMENTAL RESULTS 

The observed time dependence of the air pressure is a superposition of 
two main components: damped oscillations, which are related to the re- 
sponse of the bubbler tube to a bubble breakoff, and the slow pressure 
buildup in the tube during the bubble growth. The two processes are de- 
scribed separately in the following subsections. 

Damped Oscillations 

Following a bubble breakoff the pressure in the tube has a characteristic 
damped oscillation, a typical example of which is shown in Figure 2a. The 
first pressure dip at time to,  and the following rise at time t 1, are due to the 
bubble breakoff process and the subsequent inrush of the water. This can 
be inferred from the time intervals which are independent of tube length, 
tube width, and air pressure. The frequency of the damped oscillation is 
determined from the Fourier transform of the pressure signal; a typical 
example is shown in Figure 2b which correspands to the pressure signal in 
Figure 2a. The frequency at 0.4 Hz corresponds to the bubbling rate while 
the damped oscillations occur at 7 Hz. 

As a preliminary step, data was taken to determine the effect on the 
pressure signal of the trandsducer connection and the tilt of the bubbler 
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Figure 2a. The transient pressure oscillations in a 1.91 cm diameter 3.66 m 
long tube following a bubble breakoff at time to. The pressure in the tube 
relative to the atmosphere is about 24 kPa. The transient has been averaged 
over 32 bubbles. 2b. A Fourier transform of the pressure signal shown in Figure 
2a. The bubbllng frequency Is 0.4 Hz, while the transient pressure oscillation 
has a frequency of about 7 Hz. Multiple peaks (spaced 0.4 Hz apart) appear 
at about 7 Hz because the pressure oscillation is modulated by the bubbling 

frequency. 

tube. A 60-cm glass tube (0.95 cm 0.d.) was used in this measurement since 
i t  was much easier to manipulate. A connection was tried in which the 
transducer and the flowmeter were aligned horizontally, while the tube 
was perpendicular and vertical. The oscillatory pressure signal was atten- 
uated although the frequency remained unchanged. Thus, although the 
amplitude of the pressure oscillation is a sensitive function of transducer 
termination, the frequency is not sensitive to termination. 

The W c m  glass bubbler tube was tilted 10 degrees relative to the vertical. 
The pressure signals for the vertical and tilted case show that the amplitude 
of the oscillations varies with tilt, but the frequency is not sensitive to 
tilt. 

Data was taken to study the dependence of the pressure signal on tube 
length and water height. The frequency of the oscillation is a function of 
tube length. The longer the tube, the slower the oscillation. In addition, the 
number of possible frequencies that can exist simultaneously increases with 
tube length. For a short tube there is only one mode of oscillation. As the 
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TARLE 1 EXPERIMENTAL FHEQUENCXES 

Diam. 
(4 
0.95 
0.95 
0.95 
0.95 
0.95 
0.95 
0.95 
0.95 
0.95 
1.91 

End 
Shape 

Length 
(m) 

1st Mode 2nd Mode 
(Hz) (Hz) 

flat 
flat 
flat 
flat 
slanted 
slanted 
slanted 
slanted 
slanted 
slanted 

0.5 
1 
3.66 
7.4 
0.5 
0.8 
3.66 
7.6 
9.7 
3.66 

38 f 2 
31 f 2 
16 f 2 
10 f 2 
44 f 2 
37 f 2 
l l f 2  
8 f 2  
7 f 2  
7 f l  

77 f 7 
43 f 4 
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Figure 3. Pressure oscillations following bubble breakoff from a 0.96 cm di- 
ameter tube 3.66 m long. The signal is a superposition of two frequencies 16 
f 2 Hz and 43 f 4 Hz. The transient has been averaged over 16 bubbles. The 
straight line corresponds to the expected linear increase Ih pressure as the 
meniscus travels down the tube. The crosses indicate the theoretically cai- 
cuiated pressure variation during the growth of the bubble at the end of the 

tube. 

tube length is increased, two things happen. The frequency of the first os- 
cillatory mode decreases, and a new oscillatory mode appears at a higher 
frequency. A transient with two oscillations is shown in Figure 3. The signal 
for a longer tube (7.4 m) does not have easily distinguishable oscillations; 
rather it appears as a superposition of many frequencies. The measured 
frequencies for various tube lengths and tube diameters are summarized 
in Table 1, which shows two frequencies when two modes exist. 

Measurements were also performed to study the effect of absolute 
pressure in the bubbler tube on the oscillation frequency. The pressure 
variation was obtained by changing the liquid height. No change in the 
frequency could be detected with a change of pressure from 2.6 kPa to 24.3 
kPa. Thus, the frequency of oscil!ation depends on the length of the tube 
but is not a sensitive function of the absolute pressure in the tube. 

Slow Pressure Increase 

The previous discussion was concerned with the oscillatory response of 
the bubbler tube following a bubble breakoff. A second very important 

1 Pnuun In Tube wlth Flat End 

I 
0.0 1 .o 2.0 

nnn (we) 

Figure 4. Pressure in tubes with different ends. The pressure in a tube with 
a fiat end (top trace) stays constant for a large portion of the time between 
bubble breakon; the pressure in a tube with a slanted end (bottom trace) in- 
creases linearly during most of the time between bubble breakoff. The pressure 

and time scales are the same for both curves. 

property of the pressure signal is the underlying slow buildup which occurs 
during the growth of the bubble. In Figure 4 are shown two pressure traces, 
one correqmnding to a tube with a flat end, and one to a tube with a slanted 
end. From an examination of the two traces it can be inferred that the slow 
pressure buildup is a function of the geometry of the end of the tube. That 
this functional dependence exists is plausible since the pressure which exists 
in the tube depends on the liquid height from the surface to the lowest point 
of the bubble and on the curvature of the bubble at its lowest point. The 
lowest point and its curvature are largely determined by the evolution of 
the bubble, which in turn depends on tube end geometry. In the case of the 
slanted end, the growth of the bubble is constrained by the side of the tube. 
Figure 5b shows a sequence of photographs taken of a bubble growing at 
the end of a tube with a slanted end. The individual photographs are not 
separated by equal amounts of time, so they do not indicate rate of growth. 
Visual observations show that the linear pressure increase occurs while the 
bubble is growing up to the shape shown in the middle of the three pho- 
tographs. The rest of the development is very rapid and leads to a bubble 
breakoff. 

a b C 
Figure 5. A sequence of photographs of a bubble growing from a tube with a) a flat end, b) a slanted end, and c) a flanged end. The experimental conditions 
for the sequences are identical to those for a) the upper trace in Figure 4, b) the lower trace in Figure 4, and c) the trace of Figure 6, respectively. The time 

intervals between photographs are not uniform. 
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Figure 6. Pressure in a tube with a flanged end. The pressure climbs to a 
maximum value at time t, and then decreases linearly for the malor portion 

of the time between bubbles. 

In the case of a tube with a flat end, the evolution of the bubble is much 
more symmetrical as can be seen in Figure 5a, which shows a sequence of 
photographs taken of a bubble growing at the end of a tube with a flat end. 
Visual observations show that the bubble grows axially or vertically to some 
maximum dimension and then expands horizontally. This growth is re- 
flected in the pressure signal which is characterized by a rapid pressure rise 
followed by a relatively long period during which the pressure increases 
slowly to the breakoff level. If a flange is provided at the flat end of the tube, 
the bubble develops as shown in the sequence of photographs in Figure 5c. 
The corresponding pressure variation in the bubbler tube is shown in Figure 
6. By correlating visual observations with the pressure trace it is apparent 
that up to point t A  in Figure 6, the bubble grows while it is attached to the 
edges of the tube. During this phase of the growth the bubble size increases 
axially and thus the pressure increases. Beyond point t ~ ,  the edge of the 
bubble breaks away from the inner surface of the tube and continues its 
growth attached to the flat surface surrounding the edge. The sequence 
of photographs shown in Figure 5c demonstrates that the edge of the bubble 
breaks away from the inner surface of the tube and moves horizontally 
outward along the flange. As a result, the vertical height of the bubble does 
not increase very much in proportion to its volume increase. Secondly, the 
curvature of the bubble at its lowest point decreases as the bubble grows 
in the horizontal dimension. Both of these effects, the slow height variation 
and the decrease of curvature, are consistent with the pressure trace shown 
in Figure 6 in which a pressure decrease is observed in the later stage of the 
bubble development. 

In summary, the slow variation of the pressure in the bubbler tube reflects 
the evolution of the bubble shape, which in turn depends strongly on the 
geometry of the end of the tube. 

THEORETICAL DISCUSSION 

In the following, a theoretical analysis of the damped pressure 
oscillations and the slow pressure increase in the bubbler tube is 
given. The prediction of the oscillation frequencies compares fa- 
vorably with the experimental values. The predicted increase of 
pressure due to bubble growth at the end of a tube with a flat end 
is also in agreement with the observed pressure variation. 

Damped Oscillations 

The air pressure oscillations following the release of a bubble 
were visually observed to be coincident with oscillations of the 
liquid level inside the tube. Thus, the oscillations can be analyzed 
only by considering the composite system consisting of the air in 
the tube and the liquid outside the tube and inside it at the lower 
end. The flow of air into the tube is assumed to be sufficiently slow 
that its effect need not be considered; pressure oscillations about 
a constant average pressure are described. 

To simplify things, consider an oscillation at just one frequency, 
w/2n .  Since the system is linear for small amplitudes, more general 
oscillations can be obtained by superposition. The frequency is 
sufficiently low that the wave length of the associated sound wave 
is very large compared with the tube diameter. So only the fun- 

damental sound mode propagates in the tube, and this mode is a 
plane wave. Thus, the pressure P and the velocity u of the air de- 
pend only on the longitudinal coordinate x and the time t .  They 
are related by the inviscid momentum equation 

pa duldt = - d P / d x ,  (1) 
which applies because viscosity has a negligible effect on the fre- 
quency of oscillation. This equation will also be used to obtain the 
boundary conditions at the end of the tube. 

Assuming that the air pressure in the tube consists of a constant 
term plus two waves, one travelling up from the open lower end 
of the tube, and the other travelling down toward it, Eq. 1 can be 
solved for u with the result 

sin (w t ) .  
PaC 

At the liquid surface (at x = 0),  Eqs. 1 and 2 give 

(3) d P / d t  = wpacu cot ( W L I C ) .  

The forces on the surface between the air and water are due to 
the hydrostatic pressure of the liquid pushing up and the static plus 
acoustic pressure of the air pushing down; surface tension is as- 
sumed negligible. The resulting equation of surface motion is 

( 4 )  

Equation 4 can be seen to be just the Bernoulli equation at the 

(4’ )  
To see it, choose the arbitrary function of time that can be added 
to the liquid velocity potential 4 so that 4 = t u  at thesurface. (Note 
that +/u  at the surface is also constant in the usual treatment of 
surface waves.) Here 

C = M / p e A  ( 5 )  
is the (constant) average length of the liquid column in the tube 
plus a correction for the virtual m a s  of the liquid outside. Inserting 
4 = LU into Eq. 4 and using Eq. 5 leads to the Bernoulli relation 
(Eq. 4’) for the air-liquid surface. 

The equation for the frequencies of oscillation can be obtained 
by differentiating Eq. 4 with respect to time, applying Eqs. 2, 3, 
and 5,  and dividing by u to get 

air-liquid surface (Kinsman, 1965) 

W l d t  = g(h - 4 )  - P / p e .  

By use of the quadratic formula, Eq. 6 can be rewritten as 

In the general case, Eq. 7 can be solved only numerically. To do 
this, a value for L is needed. In principle, the length 8, or equiva- 
lently the virtual mass M ,  can be obtained by solving for the liquid 
velocity potential field 4 subject to the appropriate boundary 
conditions. The virtual mass can then be obtained from the value 
of 4 at large distances. In the treatment below, L will be considered 
a parameter and chosen to give the best estimate of the experi- 
mentally measured frequencies. 

For our experiments, the liquid is water and the air is at standard 
conditions so c = 331.78 m/s, pu/pp = 0.001293, and g = 9.8 m/s2. 
Table 2 contains calculated values of the parameter C for some of 
the experimental frequencies in Table 1; the calculation was done 
using Eq. 6. Given the large uncertainty in the values of C, the 
observed frequencies in Table 2 are consistent with a single value 
of the parameter C, equal to about 4 mm. Figure 7 summarizes the 
experimental frequencies for a tube with a flat end and those cal- 
culated for various values of L using Eq. 7. On the basis of Table 
2, the parameter C was set to 4 mm to get a reasonable overall 
correspondence between the theoretical curve and the experi- 
mental values. The frequency depends strongly on the value of the 
tube length L ,  and there is only a small discrepancy for smaller 
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TABLE 2. CALCULATED VALUES OF THE PARAMETER e 
w/2* e 

0.5 

1.0 

2.0 

2.0 

3.66 

3.66 

36 
38 f 2 

40 
29 

31 f 2  
33 
19 

P l f 2  
23 
70 

77 f 7 
84 
14 

1 6 f 2  
18 
39 

43 f 4 
47 

5.54 
4.95 
4.44 
4.14 
3.57 
3.10 
4.79 
3.75 
2.97 
1.88 
3.91 

20.37 
4.61 
3.09 
2.04 
3.90 
9.90 

12.57 

values of L.  This may not be significant because, for L 5 1 m, a 
glass tube was used, while for larger values of L a stainless tube was 
used. 

Measurements indicate that the frequency depends on the ge- 
ometry of the bubbler tip and on the diameter of the tube. Table 
3 lists the parameter L for measured frequencies for several dif- 
ferent bubbler tip configurations and two bubbler diameters. In 
all cases the length of the tubes was held constant at 3.66 m. The 
value of C increases from 3 to 9 mm when the tube end is tapered; 
it further increases by a factor of 1.8 from 9 to 16 mm when the 
diameter of the tube is doubled from 0.95 to 1.91 cm. The general 
trend is that as the area of contact between the air and water in- 
creases, the effective mass of water participating in the motion 
increases. 

The solution for w is not very sensitive to variation in the air 
density pa. For example, increasing pa by 20% increased the cal- 
culated frequency from 18.5 to 19.8 Hz, a 5% change. During the 
measurements the pressure in the tube varied by about 17%; the 
variation was caused by changes in the height of the liquid above 
the bottom end of the tube. Assuming that the air density depends 
linearly on the pressure, we expect that the air density in the tube 
varied by about 17%. The theory predicts that a 17% change in air 
density leads to a frequency change which is less than 5%. Since 
the experimental error in frequency measurement is of the order 
of 5%, it can be concluded that the theory is consistent with the 
observed lack of dependence of the oscillation frequency on air 
density. 

1W 

- 
I 
B. 

E 
g 
1; 
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P 
x Measured Values 
o Calculated Frequemies 
fa P = 0.4 em. 

I . . . ,  

5 10 
L lm) 

Figure 7. A comparison between observed and calculated frequencies of 
oscillations In tubes followlng a bubble breakoff. Results are shown as a 
function of tube length for flat ended tubes. For the tubes of length 2 m and 
3.88 m, a comparison Is made for tho first and second mode of osclllatlon. 
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TABLE 3. PARAMETER e FOR MEASURED FREQUENCIES 

Tube 
Diameter End 

(cm) Geometry f IH4  4 m m l  Mlgl 

0.96 flat 16 3 0.2 
0.96 tapered 11 9 0.6 
1.91 tapered 7 16 5.0 

Tube length is 3 66 m 

In addition to the motion discussed above in which the water 
level moves up and down, there are the normal modes of vibration 
of the air-water surface in the cylindrical container. The lowest 
mode is a deformation in which the air-water surface seesaws about 
a stationary level. The estimated frequency of this motion is on the 
order of 10 Hz. The seesaw mode can be excited if the initial water 
surge is unsymmetrical, that is if it comes in faster at one side of 
the tube than the other. Such an asymmetry is always present due 
to the asymmetry of bubble release. The lowest order axially 
symmetric normal mode has a frequency on the order of 80 Hz. 
It can be excited during the initial surge of water since it couples 
to the up and down motion of the surface. The coupling is via the 
adherence of the water to the sides of the tube; as the air-water 
surface moves, the water in contact with the walls will be slowed 
down relative to the water in the center of the tube, thus leading 
to a surface deformation. However, none of these modes will induce 
pressure variation in the tube since for all of them the average 
displacement of the surface is zero. 

Slow Pressure Increase 

When a bubble breaks off the end of the tube, enough air is 
carried away in the bubble that the average position of the air- 
water interface is initially a small distance above the end of the 
tube. As air continues to enter the tube from the top, the average 
position of this surface is caused to move down the tube and grow 
into a new bubble. This is associated with a slow increase in the 
average air pressure on which the oscillations are superposed. 

In order to predict the time dependence of this slow increase, 
we use the gas law, which relates the air pressure P to the total 
volume V of air in the tube and bubble. Let 7i be the number of 
moles of air flowing into the tube and bubble per unit time. Since 
n is very nearly constant, PV is very nearly linear in time t .  Let Po 
be the pressure, V ,  be the volume, and t = 0 be the time when the 
air-water surface is at the end of the tube. Then if we subtract the 
gas equation at time t = 0 from the equation at time t ,  we get 

PV - PoVo = nRTt,  (8) 

where R is the universal gas constant, and T is the absolute tem- 
perature. Now n = paQ/m, where po is the density of the air, Q 
is the volume flowrate into the tube and bubble, and m is the mass 
per mole of air. But p,/m = P/RT,  so the right side of Eq. 8 is just 
PQt. Let P I  = P - Po, V1 = V - V, ,  and use these to substitute 
for P and V in Eq. 8. Note that after a bubble has broken off PI << 
Po so that the PlVl term can be neglected, and P can be replaced 
with Po on the right, with the result that 

P I V ,  + POVl = Po Qt. (9) 

HereP1> Oand V l  > 0 for t  > 0, and P I <  Oand V1 < Ofor t < 
0. 

The pressure dependence for t < 0, i.e., before the air-water 
interface gets down to the end of the tube, can be predicted re- 
gardless of the shape of the end of the tube. Prior to that time, the 
distance between the interface and the end of the tube is - V l / A ,  
which is >O since V1 < 0. Since the difference in hydrostatic 
pressures Po - P = -PI must equal peg times this distance, we 
have 

v1 = PIAlPi% (10) 
where P1 is also <O. When this is used to eliminate V1 in Eq. 9 and 
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the equation is solved for PI, the result is 

Vo + P 0 A / p e g  
P 1 =  t .  

This is valid from the time the last bubble has broken off until the 
air-water interface reaches the end of the tube. Of course, the os- 
cillatory pressure must be added to this result in order to get the 
observed time dependence. 

The pressure dependence for t > 0 depends on the shape of the 
end of the tube. In the case of a tube with a slanted end, the ob- 
served pressure growth remains mostly linear, which indicates that 
Eq. 10 remains approximately valid also for t > 0. 

For tubes with a flat end the pressure variation is characterized 
by a rapid increase followed by a long period of relatively stable 
pressure. The observed pressure change is consistent with the result 
of a calculation of the shape of an axisymmetric bubble growing 
at the end of the tube. 

The calculation was performed using a differential equation 
equivalent to the one given by Bashforth and Adams (1883): 

R3 fi + d4 + (R2 + d2) R d cote 
- (Po - P + p g  R C O S ~ )  (R2 + R2)3/2 R2/u 

(11)  - (R2 + Rz) (2R2 + d2) = 0. 
Here the origin of the coordinate system is at the center of the circle 
forming the bottom edge of the bubbler tube. R(0) is the distance 
from the origin to the bubble surface, and 8 is the angle between 
R and the vertical line passing through the origin. R and R are 
derivatives of R(0) with respect to the angle 8. Equation 11 can be 
derived in a very instructive way by using variational techniques. 
Form the expression for the work done in establishing the volume 
and surface of the bubble. Next minimize this work keeping the 
volume of the bubble fixed. Equation 11 is just the Euler-Lagrange 
equation for the shape R(0) of the bubble for which the work is 
minimum. The Lagrange multiplier P is equal to the pressure at 
the bottom of the bubble tip given by the Laplace formula 

P = Po PgL 2aK (12) 
(See e.g. Landau and Lifshitz, 1959) where L = R(0) and 

is the radius of curvature at the bottom of the bubble. 
The bubble growth calculation was performed numerically by 

setting the bubble height to a constant and finding the value for 
P such that the bubble terminates on the end of the tube. The de- 
rivative dR/dO at the end of the tube was not constrained. Physi- 
cally, this derivative determines the angle between the bubble 
surface and the tube wall. Since this angle is fixed by the values of 
various surface tensions q,~, ULV,  and usv, it may appear improper 
to let the angle vary in the calculation. However, the end of the tube 
is rounded and its walls are of finite thickness so that within limits, 
the values of dRld8 are practically unconstrained. 

- ,0=0.072 Nlm 
2 0 K  

I 
1 2 3 4 5 

V d Y I M  (Cmq 

Figure 8. The results of the bubble growth calculation. The top curve is the 
total pressure in the tube less the hydrostatic pressure at the lower end of the 
tube as a function of bubble volume. The middle curve shows the contribution 
to the pressure due to the hydrostatic pressure pgL, where L is the height of 
the bubble. The bottom curve shows the contribution due to surface tension. 
The three pressures are calculated for two values of surface tension: 0.072 

N/m for water at 20”C, and 0.086 N/m for water at 60%. 

The results of the calculation are shown in Table 4 and Figure 
8. They were performed for a tube diameter of 1 cm and water 
surface tensions of 0.072 and 0.066 N/m corresponding to tem- 
peratures of 20 and 60°C, respectively (Padday, 1969). Figure 8 
shows a plot of the pressure inside the tube relative to the pressure 
at the bottom tip of the tube. 

Two contributions to the pressure are identified in Eq. 12. The 
hydrostatic pressure pgL due to the downward extension of the 
bubble, and the additional pressure 2 a ~  needed to “stretch” the 
bubble surface. The two contributions are plotted separately in 
Figure 8. The ordinate is the volume V1 of the bubble. The cal- 
culation shows that after a period of increase, the pressure in the 
tube becomes constant as a function of bubble volume. This is be- 
cause the increase in hydrostatic pressure due to bubble growth is 
offset by the decrease in the pressure due to the decrease of surface 
curvature. 

The maximum pressure variation is about 61 Pa, a value con- 
sistent with the observed pressure variation during bubble breakoff. 
A calculation with u = 0.066 N/m was performed to determine 
the sensitivity of the maximum pressure to the surface tension u. 
In a change of u from 0.072 to 0.066 N/m the maximum pressure 
dropped by approximately 4 Pa. Some of this was due to change 
in 2aK, and some due to the greater horizontal growth possible with 
smaller surface tension. 

The calculation points to the importance of surface tension in 
tank volume measurements where the calibration is usually done 
with water, while the actual volume measurements are carried out 
with a liquid of a different surface tension. The sensitivity of the 
pressure measurement to u may be reduced by using a tube of 
larger diameter. For example, for a tube of radius = 0.7 cm the 
hydrostatic and surface tension contributions are 39.1 and 9.0 Pa, 
respectively, for bubble length of 0.4 cm and 48.9, and 7.8 Pa for 

TABLE 4. RESULTS OF T H E  CALCULATION 
Surface Tension = 0.072 N/m Tube Radius = 0.5 cm 

L(cm) Vol. (cm3j P - Po (Pa) PgL (pa) 2 0 ~  (Pa) 

0.30 
0.35 
0.40 
0.45 
0.50 
0.52 

Surface Tension = 0.066 N/m 
0.30 
0.35 
0.40 
0.45 
0.475 
0.50 

0.1515 
0.1904 
0.2386 
0.3028 
0.3975 
0.4788 

0.1533 
0.1933 
0.2454 
0.3138 
0.3619 
0.4448 

47.3 
52.2 
56.4 
59.8 
62.5 
62.5 

45.3 
50.1 
54.1 
57.5 
58.9 
59.4 

29.3 
34.2 
39.1 
44.0 
48.9 
50.8 

29.3 
34.2 
39.1 
44 0 
46.4 
48.9 

18.0 
18.0 
17.3 
15.8 
13.6 
11.7 

16.0 
15.9 
15.0 
13.5 
12.5 
10.6 
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bubble length of 0.5 cm. Thus, the ratio of hydrostatic to surface 
tension contribution is about 5, while in the case of the 0.5 cm radius 
tube, the same ratio is about 3. 

The results of the above discussion were used to calculate the 
pressure variation with time for the experimental situation shown 
in Figure 3. The values of the parameters that apply in Figure 3 
are, V o  = 184 cm3, Po = 1.027 X 105 Pa, Q = 33 cm3/min, Vo/A 
= 366 cm. Substituting into Eq. 12, and using p i  = 1 g/cm3 and 
g = 980 cm/sz, we get P l / t  = 80 Pa/s. This result is in agreement 
with the experimental pressure variation of about 80 Pa/s as de- 
termined from the straight line in Figure 3. Where the straight line 
deviates from the pressure trace, the pressure variation can be 
obtained by substituting V1 as a function of P I  from Table 4 into 
Eq. 9 to get the corresponding time. The first pair V 1 =  0.1515 cm3 
and PI = 47.3 Pa is made to coincide with the experimental trace 
at the approximate location where the straight line diverges from 
the experimental trace. In effect this defines t = 0, the time at 
which the liquid level has reached the end of the tube and the 
bubble commences to grow. The other five calculated points are 
plotted in Figure 3 relative to the first point. The correspondence 
between the observed and expected pressure variation is good. 
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NOTATION 

A 
C 

g 
h 

L 

M 

= cross-sectional area of the bubbler tube 
= speed of sound in air 
= acceleration due to gravity 
= average difference in height between the air-liquid 

surface outside and inside the bubbler tube 
= length of the bubbler tube; distance of the lowest point 

of the bubble from the end of the bubbler tube 
= virtual mass of the liquid participating in the oscillatory 

motion of the air-liquid surface inside the bubbler 
tube 

n 

P 
Po 

P1 

= number of moles of air per unit time flowing into the 

= total pressure in the bubbler tube 
= pressure in the bubbler tube when the air-liquid surface 

= amplitude of pressure waves in the bubbler tube; P - 

bubbler tube 

is at the end of the tube 

Q 
R 

t0 

t l  

11 
V 
vo 
V1 
4 

Pa 

P t  

K 

U 

E 
w 

PO 
= volume flow rate into the bubbler tube 
= universal gas constant 
= polar coordinate defining the shape of a bubble 
= absolute temperature of the air inside the bubbler tube 
= time at which a bubble starts to break off from the end 

= time at which the first minimum of pressure occurs fol- 

= axial velocity of air in the bubbler tube 
= volume of air in the bubbler tube 
= volume of air in the bubbler tube when the air-liquid 

surface is at the end of the tube 
= V - Vo; volume of air inside a bubble 
= velocity potential of the liquid 
= curvature at the lowest point of the bubble 
= density of air 
= density of liquid 
= surface tension 
= height of the air-liquid surface inside the bubbler tube 

= angular frequency of oscillations inside the bubbler 

of the bubbler tube 

lowing the bubble break off 

relative to the average height h 

tube 
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